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ABSTRACT

In this paper, it is shown that if the cost matrix of an as-
signment problem has the following property c; = |j - i|
then any basic feasible solution is optimal if and only if its
unit components belong to two well defined symmetric
regions. The matrix with above mentioned' property is
called the "REORDERING MATRIX,'" because it arose
for the first time in the reordering of nodes of a critical

path and other acyclic network problems.



OPTIMALITY PROPERTIES OF A SPECIAL ASSIGNMENT PROBLEM

I. Introduction

Assume we want to order the nodes of a network in such a way that
for every arc (i, j), which belongs to the topology of the network, i < j . *
In case of a large network, this may not be possible to do manually, as it
generates a large permutation problem'. An algorithm to reorder the nodes
of the network is given in [ 1], where the number of steps involved is related

to the magnitude of divergence of the node order of a network, where diver-

gence is defined to be

m

s=z Ii-ai

i=1

where a, is the initial order of the node having final order 1i.
In order to fix an upper bound to the divergence of the network, we
have to determine the maximum value of S over all possible m-tuples a .
We will now show that this problem is equivalent to the classical

assignment problem.

iThil problem is important because it reduces significantly the work in-
volved in logical search for a critical path problem. It is impossible to
perform this node ordering when loops are present in the network.



II. Mathematical Formulation

. * . ‘s
a |a is an m-tuple chosen without repetition from}

Let U‘é = {

the set {1,2,...,m} e.g., a = (2,m,10,...,1,5)

Note that c/éha m! nonidentical components.

Then, the problem becomes

m
(1) S = i - oa|
mex s Qb

where the m-tuples ''a' are chosen without repetition from the set of m
first integers, to each integer k corresponding one and only one a, for
each m-tuple '"a'" . It is now easy to see that all the components of each
possible summation rgl Ii - ai‘ are of the fo;m ‘i - j| where
i=1l....m;j=1, 1- »m . We can list all these possible values under
matrix form where each entry is equal to the absolute difference between
its row number and column number.

Define < = |i - j| and C = {cij } . Any possible S can be
found by summing up m entries of the matrix selected by picking one and

only one element from each row and each column. For example

i a, = j
i =)

11 en @ €13 14
2| a1 ‘22 @ €24
€32 33 C34

¥l 2 43

m-tuple "a' has m elements, where a, (i=1,...,m) is the ith element.
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A possible S = €12 t €53 ¥ €3y + ¢4, corresponding to the 4-tuple
"a" = (2,3,1,4) .
Determining the max S is equivalent to finding some feasible
ae
combination of the entries of the C matrix (i.e., one and only one entry

in each row and each cblumn) such that their sum is maximum. Thus, the

problem reduces to

maximize S = EC..X..
1))
ij

Subject to:
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x.. >0 xij are integers ,

which is the classical assignment problem formulation.

Our aim is to prove,in this particular set-up, that this optimum
for S can be achieved by selecting any feasible solution such that all
its components belong to two symmetric regions of the matrix and that no
optim;I solution can be found if one or more components do not belong to

these two regions.
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III. The Optimal Region

In the reordering matrix let us define the two following sets of entries.

* . m+ 1 : m+ 1
01={cij|1.5—2— , JZ—Z—-}
* . m+ 1 , m+ 1
O = leli2=5= + JS=7=}

Let O = o"l‘ v o; then,

$ if m is even

cm+1/2, m+1/2 if m is odd

These two sets of entries are symmetric with respect to the principal

Tet O, = {x;|x; € O iff c;; € O]}

) *
o, {xi x;; € 0, iff ¢y € 02}

Then, O = Ol U Oz and it is called the optimal region.
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NOTE: If we were minimizing T C;i%qs then the optimal solution would be

VIR

unique and would be x = (x“, XyprKggs e s xmm) which is easy to see

because all the elements of the principal diagonal are zero and the other

elements are strictly positive.

IV. Properties of the Reordering Matrix

1.

For all ¢__ ¢ o*
rs
*
either all C.x € O are greater than or equal to Crs
*
or all Crs € O are greater than or equal to .o

For any submatrix of C of the form

c = [cij i, j+1
Citl,j  Cisl,j41

such that i # j

then c.; + + In fact this property

i T S, 541 T Ciel,j

is true for any submatrix chosen so that all its elements

ci.j+1 :

c = €ij i, j+s

ci+r,j ci+r.j+s

are all below the principal diagonal or above the principal
diagonal.

For any submatrix of C of the form

c = [Cij i, j+s
r
ci-’-x',j ci+r._j-0»l
such that Civr f is an entry below the principal diagonal of

C and c,

i,j+s is an entry above the principal diagonal. Then
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clJ + c1+r.J+s c1+r,_) + c1,3+l

PROOF: When Civr f is below the principal diagonal of C, it implies
that

(3) i+r>j=D>i-j+r>0=>r>j-i

When ¢, j+8 is above the principal diagonal of C , it implies that

(4) J+8>i=>i-j-8<0=>s8>i-j

cij + ci+r,j+s < ci+r,j + ci.j+s can be written as follows:
li-g|+fi-d+r-s|<fi-s+r|+]i-5-4

From (3) and (4), we get

li-j|+|i-j+r-s|/<i-j4r)-(i-j-a ,
(5)
i-l+]i-jer-8/<r+s

Here we can distinguish various cases. We willprove it for one case.
Assume i > j and r > 8 ; (5) then becomes
i-j+i-j+r-8<r+s
then
2i - 2j < 28
or
i-j<s

which is relation (4).
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It is possible to prove the optimality of any feasible solution in
region O by using the theory of linear programming, or more specifically

the assignment problem algorithm. [2] Let the simplex multipliers be

. . _ . m+ 1

m = -i for the constraints z xij =1 for i < —
J

. . - . m+ 1

= +i for the constraints z xij = 1 for i > —
J

- X _ . m+ 1

v = -j for the constraints z x5 = 1 for j < —
i

. . _ . m+1

= +j for the constraints z xij =1 for j > —

i .

- *
If we price out, it is possible to see that the ¢;. € O are equal to zero
by atn N
- * :
and the other cij ¢ O are positive. We are going to give an alternative
proof which will use the properties of the reordering matrix and the fact

that the solution has to be feasible.

V. Optimality Theorem

THEOREM: A feasible solution x° is optimal if and only if all its com-

ponents lie in O .

PROOF: Suppose & is afeasible solution but has at least one component which
does not lie in O , we will then show that we can improve S .

Let us assume that Qij is such that i < —— . J< —
and j > i, i.e., in Figure 2, ﬁij lies in U . In order to be feasible x

has at least a component, say Q“ € V, because it is impossible to ''cover'



SRR N NN
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Figure 2
the &;..l * last rows with ''selections" only done in V', as V has less
m+ 1

than — columns (by assumption on ﬁij ). We can then find a new
feasible solution by replacing ﬁij and Akl by X and xkj and by
property 3, S will be improved.

We have proved that for any feasible Solution which has one or more
components outside O, it can be improved. So, we can produce an
iterative procedure which will increase S, as long as x has a component

which does not liein O .

I x° € O, itis not possible to improve the value of S because

the only acceptable substitutions are of the form

x2. and x2 .
ij itr, j+s8
o o
by X4, j and X, j+s (e O)

[@] = greatest integer contained in « .
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or repeated substitutions of that form. But by property 2 we know that
the value of S will not change. If one of the components of our substitutions

does not lie in O then we have proved that we can impro(re the value of

S.

COROLLARY: All the feasible solutions in region O are optimal.
PROOF: By property 2 of the reordering matrix, from anoptimal solution

x° , ‘we can find new optimal solutions X by repeated substitutions of the

form:
(6) x:i = x;:’+r,j+s =1, x?-o-r,j = x?,j+s =0
by

X5 * Xigr,jes = 0 0 X, T i, s 1
as long as Xitr,j and X, j+s belong to O .

NOTE: By repeated substitution of the form (6) it is possible to reproduce

all m-tuples a e¢é' in matrix C .



REFERENCES

[1]. S. Parikh, "Project Planning by Decomposition, '' Research Report,

[2].

Operations Research Center, University of California, Berkeley,

(To be published.)

L.R. Ford and D.R. Fulkerson, '"Flows in Networks, ' Princeton

University Press, Princeton, New Jersey, 1962.



1-2

BASIC DISTRIBUTION LIST
FOR UNCLASSIFIED TECHNICAL REPORTS

Head, Logistics and Mathematical
Statistics Branch

Office of Naval Research

Washington 25, D.C.

C.O., ONR Branch Office
Navy No. 100, Box 39, F.P.O.
New York City, New York

ASTIA Document Service Center
Arlington Hall Station
Arlington 12, Virginia

Institute for Defense Analyses
Communications Research Div.
von Neumann Hall

Princeton, New Jersey

Technical Information Officer
Naval Research Laboratory
Washington 25, D.C.

C. 0., ONR Branch Office
346 Broadway, New York 13, NY
Attn: J. Laderman

C.0O., ONR Branch Office
1030 East Green Street
Pasadena 1, California
Attn: Dr. A.R. Laufer

Bureau of Supplies and Accounts
Code OW, Dept. of the Navy
Washington 25, D.C.

Professor Russell Ackoff
Operations Research Group

Case Institute of Technology
Cleveland 6, Ohio

Professor Kenneth J. Arrow
Serra House, Stanford University
Stanford, California

Professor G. L. Bach

Carnegie Institute of Technology

Planning and Control of Industrial
Operations, Schenley Park

Pittsburgh 13, Pennsylvania

Professor A. Charnes

The Technological Institute
Northwestern University
Evanston, Illinois

Professor L. W. Cohen
Math. Dept., University of Maryland
College Park, Maryland

Professor Donald Eckman
Director, Systems Research Center
Case Institute of Technology
Cleveland, Ohio

Professor Lawrence E. Fouraker
Department of Economics

The Pennsylvania State University
State College, Pennsylvania

Professor David Gale
Dept. of Math., Brown University
Providence 12, Rhode Island

Dr. Murray Geisler

The RAND Corporation
1700 Main Street

Santa Monica, California

Professor L. Hurwicz

School of Businesa Administration
University of Minnesota
Minneapolis 14, Minnesota

Professor James R. Jackson
Management Sciences Research

Project, Univ. of California
Los Angeles 24, California

Professor Samuel Karlin
Math. Dept., Stanford University
Stanford, California

Professor C.E. Lemke

Dept. of Mathematics
Rensselaer Polytechnic Institute
Troy, New York

Professor W.H. Marlow
Logistics Research Project

The George Washington University
707 - 22nd Street, N. W.
Washington 7, D.C.

Professor Oskar Morgenstern
Economics Research Project
Princeton University

92 A Nassau Street

Princeton, New Jersey



BASIC DISTRIBUTION LIST
FOR UNCLASSIFIED TECHNICAL REPORTS

Professor R. Radner
Department of Economics
University of California
Berkeley, California

Professor Stanley Reiter
Department of Economics
Purdue University
Lafayette, Indiana

Professor Murray Rosenblatt
Department of Mathematics
Brown University
Providence 12, Rhode Island

Mr.J.R. Simpson

Bureau of Supplies and Accounts
Navy Department (Code W31)
Washington 25, D.C.

Professor A.W. Tucker
Department of Mathematics
Princeton University
Princeton, New Jersey

Professor J. Wolfowitz
Department of Mathematics
Lincoln Hall, Cornell University
Ithaca 1, New York



